Mathematical Induction

Yue Kwok Choy
Question
Prove, by Mathematical Induction, that
(017 + 02 + (43 + . (2nf = 200

1s true for all natural numbers n.

Discussion
Some readers may find it difficult to write the L.H.S. in P(k + 1). Some cannot factorize

the L.H.S. and are forced to expand everything.

For P(1),

LHS.=22=4, RHS - x3x8

=4 . o P(1) istrue.

Assume that P(k) is true for some natural number Kk, that is

(k17 + (b + 2 + (k+3 +..+ (2K = K2k* 16)(71‘ +1) W
For P(kk+1),
(k+2) +(k+3) +...+ (k) + 2k +1)* + (2k + 2)° (There is a missing term in front

and two more terms at the back.)

=(k+2) +(k+3) +...+ k) + (2k +1)* + 4(k +1)’
=(k+1) +(k+2) +(k+3) +...+ (k) + 2k + 1) +3(k +1)’

_ k(2k+1)7k +1) +(2k+ 1) +3(k+1F by (1)

_(2k+1)

6 [k(7k +1)+6(2k +1)]+3(k +1)° (Combine the first two terms)

(2k+1 [7k> + 13k + 6]+ 3(k + 1)

_ (2k+1)

(Tk +6)k +1)+3(k + 1)’

(k+1)

[(2k +1) 7k +6)+18(k +1)]

_(k+1) [141<2 +37k +24]

(k;r 1)(2k +3) Tk +8)= (k +1)2(k + 1);r 1[7(k +1)+1]

P(k+1) istrue.

By the Principle of Mathematical Induction, P(n) is true for all natural numbers, n .



Question

Prove, by Mathematical Induction, that
1-n+2(n—1)+3(n—2)+...+(n—2)-2+n-1:én(n+1)(n+2)

is true for all natural numbers n.

Discussion

The "up and down" of the L.H.S. makes it difficult to find the middle term, but you can

avoid this.

Solution
Let P(n) be the proposition: 1-n+2(n—1)+3(n—-2)+..+(n-2)-2+n-1= %n(n +1)n +2)
For P(1),

LHS.=1, RHS. = %x1x2x3:1. ©P(1) s true.

Assume that P(k) is true for some natural number Kk, that is
1-k+2(k—1)+3(k—2)+...+(k—2)-2+k-1z%k(k+1)(k+2) e (D

For P(kk+1),
1-(k+1)+2k+3(k —1)+...+(k—1)-3+k-2+(k +1)-1
=1-(k+1)+2[(k =1)+1]+3[(k = 2) +1]+...+ (k =1)- 2+ 1]+k - [1 + 1]+ (k +1)-1
=1-k+2(k-1)+3(k —2)+..+(k-2)-2+k-1

(The bottom series is arithmetic)
+1 42 +3 +o.+ (k=1) +k +(k+1)

:%k(k+1)(k+2)+%(k+l)(k+2) , by (1)

:é(k+1)(k+2)[k+3]:é(k+1)[(k+l)+l] [(k+1)+2]

P(k+1) istrue.

By the Principle of Mathematical Induction, P(n) is true for all natural numbers, n .

Question
Prove, by Mathematical Induction, that n(n+ 1)(n+2)(n+3) 1isdivisible by 24, forall

natural numbers n.

Discussion
Mathematical Induction cannot be applied directly. Here we break the proposition into three
parts. Also note that 24 =4x3x2x1 =4!



Solution
Let P(n) be the proposition:
I. n(n+1) isdivisibleby 2!=2.
. n(n+1)(n+2) isdivisibleby 3!=6.
3. n(n+1)n+2)(n+3) isdivisible by 4!=24.

For P(1),
1. 1x2=2isdivisible by 2.
. Ix2x3 =6 is divisible by 3.
3. 1x2x3x4 =24 is divisible by 24. o P(1) s true.

Assume that P(k) is true for some natural number Kk, that is

I. k(k+1) isdivisibleby 2,thatis, k(k+1)=2a e (D
2. k(k+1)k+2) isdivisibleby 6, thatis, k(k+ 1)(k+2)=6b .. (2
3. k(k+1)k+2)k+3) isdivisibleby 24,

thatis, k(k+ 1)k +2)(k + 3)=24c .. 3)

where a, b, c are natural numbers.

For P(kk+1),
I. (k+)k+2)=k(k+1)+2(k+1)=2a+2(k+1),by(l)
=2[a+k+1] e @

, which is divisible by 2.
2. (k+Dk+2)k+3)=k(k+ 1)k+2)+3(k~+1)k+2)
=6b+3 x2[a+tk+1],by(2),(4)
=6[b+ta+k+1] e (9)
, which is divisible by 6.
3. k+Dk+2)k+3)k+4)=kk+ 1)k+2)(k+3)+4k+1)k+2)k+3)
=24c+4x6b+at+k+1] ,by(3),(5)
=24 [c+b+a+k+1]
, which is divisible by 24 .
P(k+1) istrue.

By the Principle of Mathematical Induction, P(n) is true for all natural numbers, n .

Harder Problem :
Prove, by Mathematical Induction, that n(n+1)(n+2)(n+3)...(n+r—1) isdivisibleby r!,

for all natural numbers n, where r=1,2, ....



